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Based on the stochastic gravity, we study the loop corrections to the scalar and tensor perturbations during
inflation. Since the loop corrections to scalar perturbations suffer infrared (IR) divergence, we consider the IR
regularization to obtain the finite value. We find that the loop corrections to the scalar perturbations are amplified
by the e-folding; in other words there appear the logarithmic correction, just as discussed by M.Sloth et al. On
the other hand, we find that the tensor perturbations do not suffer from infrared divergence.
I. INTRODUCTION
Inflation provides a natural framework explaining both the
large-scale homogeneity of the universe and its small-scale ir-
regularity. Despite its attractive aspects, there are still many
unknowns about the inflation theory, since in most models in-
flation takes place on an energy scale many orders of magni-
tude higher than that accessible by accelerators. This is why it
is necessary to learn all we can about this high energy regime
from the signatures left by inflation in the present universe
[1–4].
However, when we consider the power spectrum of the cur-
vature perturbation ζ only by linear analysis, many inflation
models predict the same results, which are compatible with
the observational data, although the fundamental theories are
quiet different. To discriminate between different inflationary
models, it is important to take into account nonlinear effects
[5–16]. In particular, the classical perturbation theory pre-
dicts that when we consider most inflation models, the curva-
ture perturbation ζ, which is directly related to the fluctuation
of the temperature of CMB, is conserved in the superhorizon
region [18–20]. In this case, the primordial perturbation is es-
sentially characterized by the behavior of the background in-
flaton field near the time of horizon exit. Although this fact
makes the computation of the generated primordial pertur-
bations simple, it makes it difficult to discriminate different
inflation models. That is why the non-local dependence on
the evolution of the background scalar field has been studied
among the nonlinear quantum effects such as the loop correc-
tions [9, 10]. Despite their importance, it is difficult to com-
pute these non-linear quantum effects. This is because they
contain integrations regarding internal momenta [11–14]. Fur-
thermore, there are several types of nonlinear interactions that
induce loop corrections, such as self-interaction of a scalar
field and interaction between a matter field and a gravitational
field. Depending on the interaction term, we find different
loop correction behavior.
Stochastic gravity may be well-suited to computing loop
corrections induced from interactions between a scalar field
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and a gravitational field. Stochastic gravity was proposed as
a means of discussing the behavior of the gravitational field
on the sub-Planck scale, which is affected by quantum mat-
ter fields [21–30]. From our naive expectation, on this energy
scale, the quantum fluctuation of the matter field may domi-
nate that of the gravitational field. Based on this insight, Mar-
tin and Verdaguer have presented the evolution equation of
the gravitational field, which is affected by a quantum scalar
field [24]. The effect induced by the quantum matter field is
evaluated by the so-called closed time path (CPT) formalism
[31–35]. We integrate the action over quantum scalar fields.
As a result the evolution equation of the gravitational field is
described by a Langevin-type equation, which is called the
Einstein-Langevin equation. In general, we need great effort
to compute the loop corrections. In stochastic gravity, how-
ever, by focusing on non-linear interaction between a scalar
field and the gravitational field which gives the leading con-
tribution, we can compute such loop corrections much more
easy. Hence, in this paper, using the Einstein-Langevin equa-
tions formulated in [24], we evaluate one loop corrections in-
duced by a quantum scalar field.
In our previous work [36], we applied this formalism to the
linear perturbations, especially to the curvature perturbation
ζ, which is important to consider the imprint on observational
data. We find that it reproduces the same results as the predic-
tion obtained by the quantization of the gauge invariant vari-
ables [37, 38], except for the limited case. Only when the
e-folding from the horizon crossing time to the end of infla-
tion exceeds some critical value, does the Einstein-Langevin
equation not give the same result as that of the gauge invariant
variables [39]. Hence, we evaluate loop corrections to scalar
and tensor perturbations assuming that the e-folding is smaller
than the critical value.
In general, loop corrections contain a divergent part. In a
quantum field theory in Minkowski spacetime, the divergence
usually appears on the high energy scale. To discuss finite
and physical quantities, appropriate regularization and renor-
malization are required. Apart from such an ultraviolet diver-
gence, there may appear another divergence in de Sitter (or
quasi de Sitter) spacetime. This infrared problem is important
because if we introduce an infrared cut-off to obtain a finite
value, which gives a logarithmic correction. Such a logarith-
mic correction amplifies the perturbations. We also find that
there is a crucial difference between the logarithmic correc-
2tions in scalar and tensor perturbations, which is related to the
infrared divergence.
In this paper, we consider a minimally coupled single-field
inflation as a simple slow-roll inflation model, whose action is
given by
S[g, φ] =
∫
d4x
√−g
[ 1
2κ2B
(R− 2ΛB) + αBCabcdCabcd + βBR2 − 1
2
{gab∂aφ∂bφ+ 2V (φ)}
]
(1.1)
where κ2B ≡ 8piGB is the bare gravitational constant. The
subscript “B” represents the values of bare coupling constants.
After we regularize divergent parts and renormalize them, we
set the renormalized constants as α = β = Λ = 0 for simplic-
ity. We also represent the renormalized gravitational constant
by κ2 ≡ 8piG. In order to characterize the slow-roll infla-
tion, we adopt two slow-roll parameters: ε ≡ −H˙/H2 and
ηV ≡ V,φφ/κ2V . As for the time variable, we use the confor-
mal time, τ , and represent the time derivative by a prime.
The paper is organized as follows. In Sec. II, we briefly
review the basic idea of stochastic gravity and consider the
properties of the Einstein-Langevin equation, which describes
the evolution of the gravitational field affected by quantum
scalar fields. Then we consider perturbations of the Einstein-
Langevin equation around an inflationary background space-
time. In Sec. III, we discuss how the loop corrections de-
pend on the potential of the scalar field in diagrammatical
language. This part is independent from the computation of
the loop corrections in the later sections. In Sec. IV, we
consider the perturbation of the Einstein-Langevin equation.
Solving this perturbed equation, we can compute the primor-
dial perturbations generated from the quantum fluctuation of
the scalar field. The quantum fluctuation of the scalar field is
represented by the stochastic variable. In Sec. V, we compute
the correlation function of the stochastic variables. Taking
into account the results in Sec. IV and Sec. V, we evaluate
the loop corrections to the scalar and tensor perturbations. The
conclusion and discussion follow in Sec. VII.
II. STOCHASTIC GRAVITY
First we shortly summarize the basic points of stochastic
gravity and the Einstein-Langevin equation derived in [24]. It
is a generalization of the semi-classical gravity theory. As-
suming that quantum fluctuations of matter fields dominate
that of the gravitational field, they quantize matter fields but
treat gravity as a classical field. The fluctuations of the gravi-
tational field induced through interaction with quantum matter
fields are taken into account as stochastic variables. To discuss
such gravitational field dynamics, the CTP formalism is use-
ful. They derive the effective equation of motion based on the
CTP functional technique applied to a system-environment in-
teraction, more specifically, based on the influence functional
formalism of Feynman and Vernon. It is worth while noting
that this Langevin-type equation is well-suited not only to un-
derstanding the properties of inflation and the origin of large-
scale structures in the Universe but also to explaining the tran-
sition from quantum fluctuations to classical seeds. In addi-
tion to the ordinary Einstein-Hilbert action, this CTP effective
action contains two specific terms, which describe the effects
induced through interaction with quantum matter fields. One
is a memory term, by which the equation of motion depends
on the history of the gravitational field itself. The other is a
stochastic source ξab, which describes quantum fluctuation of
a scalar field. The latter is obtained from the imaginary part
of the effective action, and as such it cannot be interpreted
as a conventional action. Indeed, there appear statistically
weighted stochastic noises as a source for the gravitational
field. Under the Gaussian approximation, this stochastic vari-
able is characterized by the average value and the two-point
correlation function:
〈ξab(x)〉 = 0 ,
〈ξab(x1)ξc′d′(x2)〉 = Nabc′d′(x1, x2) , (2.1)
where the bi-tensor Nabc′d′(x1, x2) is called a noise ker-
nel, which represents quantum fluctuation of the energy-
momentum tensor in a background spacetime, i.e.,
Nabc′d′(x1, x2) ≡ 1
4
Re[Fabc′d′(x1, x2)]
=
1
8
〈{Tˆab(x1)− 〈Tˆab(x1)〉, Tˆab(x2)− 〈Tˆab(x2)〉}〉[g] ,
(2.2)
where {Xˆ, Yˆ } = XˆYˆ + Yˆ Xˆ , g is the metric of a background
spacetime, and the bi-tensor Fabc′d′(x, y) is defined by
Fabc′d′(x1, x2) ≡ 〈Tˆab(x1)Tˆc′d′(x2)〉[g]
−〈Tˆab(x1)〉[g] 〈Tˆc′d′(x2)〉[g] . (2.3)
The expectation value for the quantum scalar field is evaluated
in the background spacetime g.
Including the above-mentioned stochastic source of ξab, the
effective equation of motion for the gravitational field is writ-
ten as
Gab[g + δg] = κ2
[
〈Tˆ ab〉R[g + δg] + 2ξab
]
,
(2.4)
where δg is the metric perturbation induced by quantum fluc-
tuation of matter fields and stochastic source ξab is character-
ized by the average value and the two-point correlation func-
tion Eq. (2.1).
3Note that this equation is the same as the semiclassical
Einstein equation expect for a source term of stochastic vari-
ables ξab. Furthermore, the expectation value of the energy-
momentum tensor includes a nonlocal effect as follows. It
consists of three terms as
〈Tˆ ab〉R[g + δg] = 〈Tˆ ab(x)〉[g] + 〈Tˆ (1)ab[φ[g], δg](x)〉[g]
− 2
∫
d4y
√
−g(y)Habcd[g](x, y)δgcd(y) +O(δg2) ,
(2.5)
where the expectation value of Tˆ (1)ab and Habcd are defined
below (Eq. (2.6) and (2.8)). The evolution equation for a
scalar field depends on the gravitational field. As a result,
the expectation value of energy-momentum tensor (Eq. (2.5))
depends not only directly on the spacetime geometry but also
indirectly through a scalar field. When we perturb a spacetime
as (g+δg), two different changes appear in the right hand side
of Eq. (2.5). The second term in Eq. (2.5) represents the direct
change, which is described by fluctuation of the gravitational
field δg as
〈Tˆ (1)ab[φ[g], δg](x)〉
=
(1
2
gabδgcd − δacgbeδgde − δbcgaeδgde
)
〈Tˆ cd〉[g],
−
{(
1− 2 ε
3
)
ρ+
δψ2
2a2
}(
gacgbd − 1
2
gabgcd
)
δgcd,
(2.6)
where δψ2 is defined in terms of the quantum fluctuation of
the scalar field ψ as follows:
δψ2 ≡ 〈∇0ψ∇0ψ + γij∇iψ∇jψ〉[g]. (2.7)
We can neglect this term safely on the sub-Planck scale be-
cause this term is smaller by the order of (κH)2 than the pre-
ceding term. To derive this expression, we have used the back-
ground evolution equation for a scalar field.
The third integral term in the r.h.s. of Eq. (2.5) represents
the effect from the indirect change and is characterized by the
dissipation kernel, which is given by
Habc′d′(x1, x2) = H
(S)
abc′d′(x1, x2) +H
(A)
abc′d′(x1, x2) (2.8)
H
(S)
abc′d′(x1, x2) =
1
4
Im[Sabc′d′(x1, x2)] (2.9)
H
(A)
abc′d′(x1, x2) =
1
4
Im[Fabc′d′(x1, x2)] , (2.10)
where Sabc′d′(x1, x2) is defined by
Sabc′d′(x1, x2) ≡ 〈T ∗Tˆab(x1)Tˆc′d′(x2)〉[g]. (2.11)
T ∗ denotes that we take time ordering before we apply the
derivative operators in the energy momentum tensor. As
pointed out in [24], only if the background spacetime g sat-
isfies the semiclassical Einstein equation, is the gauge invari-
ance of the Einstein-Langevin equation guaranteed. Hence,
in this paper, to guarantee the gauge invariance, we assume
the background spacetime satisfies the semiclassical Einstein
equation.
The Einstein-Langevin equation Eq. (2.4) contains two dif-
ferent sources. One is a stochastic source ξab, whose correla-
tion function is given by the noise kernel. From the explicit
form of a noise kernel Eq. (2.2), we find that ξab represents
the quantum fluctuation of the energy momentum tensor. The
other is an expectation value of the energy momentum tensor
in the perturbed spacetime (g+δg), which includes a memory
term. The integrand of a memory term consists of a dissipa-
tion kernel and fluctuation of the gravitational field. To inves-
tigate the evolution for fluctuation of the gravitational field,
it is necessary to calculate the quantum correction of a scalar
field and evaluate the noise kernel and the dissipation kernel.
Note that the noise kernel and the dissipation kernel corre-
spond to the contributions from internal lines or loops of the
Feynman diagrams, which consist of propagators of a scalar
field and do not include those of the gravitational field in our
approach.
III. GENERIC FEATURE FROM THE VERTEX
OPERATORS
Before we discuss loop corrections to the primordial per-
turbations in detail, we consider the dependence of loop cor-
rections on a potential of a scalar field diagrammatically.
First we divide a scalar field φ into the classical part φcl and
the part of small quantum fluctuation ψ. Inflation is mainly
driven by φcl. Expanding a potential of the scalar field V (φ)
around φcl, we can write
V (φ) = V (φcl)
[
1 +
V ′
V
(φcl) ψ +
1
2!
V ′′
V
(φcl) ψ
2 + · · ·
]
= V (φcl)
∞∑
m=0
1
m!
α(m) (κψ)m, (3.1)
where the coefficient α(m) is defined by
α(m) ≡ d
mV/dφm(φcl)
κmV (φcl)
. (3.2)
Taking into account that during inflation φcl changes on the
Planck scale, we have normalized α(m) by the Planck mass.
Similarly, we also perturb the gravitational field in the total
action. Expanding the total action Eq. (1.1) in terms of the
fluctuation of the gravitational field δg and the fluctuation of
the scalar field ψ, we find that the following vertices appear:
α(1)δg ψ , α(2)δg ψ2 , α(3)δg ψ3 , α(4)δg ψ4 · · . (3.3)
Although the kinetic term also includes fluctuation terms such
as δgψ and δgψ2, since in this section we are interested in in-
formation about V (φ), which is obtained through the coeffi-
cients α(m), we do not pay attention to these terms. Of course,
when we evaluate the loop corrections in the later sections, we
take into account all the fluctuation terms.
The vertex operators given by Eq. (3.3) correspond to the
vertex diagrams depicted in Fig. 1. The solid line represents
4(2)
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FIG. 1: Vertices
the propagation of the scalar field ψ. The equation of mo-
tion for the field in the interaction picture is discussed in Sec.
V A. As we will see later, the propagator in the inflationary
universe is proportional to H2. Hence, each solid line con-
tributes as (κH)2. On the other hand, the wavy line represents
the propagation of the gravitational field δg. The coefficient
α(m) is a coupling constant of the interaction described by the
vertex of δg ψm. Since the higher loop graphs are suppressed
further by (κH)2, we can discuss the quantum corrections by
an iterative perturbation method.
To consider the evolution equation of the gravitational field,
we integrate out only the degree of freedom of a scalar field.
This means that when we evaluate the effective action in the
CTP formalism, the gravitational field is treated as a classi-
cal external field. Hence the gravitational field contributes as
the external line but not as the internal line, in the effective
action. We represent the gravitational field by the wavy line.
Taking into account this fact, we find the leading contribution
to the effective action is given by the diagram depicted in Fig.
2 (1). The amplitude of this leading diagram is proportional
FIG. 2: Feynman diagrams.
to (α(1)κH)2; it depends both on the Hubble parameter H
and on the first order derivative of the potential, α(1). The
contribution from this tree-level graph corresponds to quan-
tum corrections in the linear perturbation analysis, and it has
been given in our previous work [36]. In the next leading or-
der depicted by Fig. 2 (2), the amplitude is proportional to
(α(2))2(κH)4. It depends on the Hubble parameterH and the
second order derivative of the potential, α(2). In this paper,
we evaluate this leading contribution among loop corrections.
We just give a few comments on further order contributions.
As seen from Fig. 2 (3), there are two different diagrams,
whose amplitudes are proportional to (κH)6. Figure 2 (3a)
depends on the third-order derivative of the potential, α(3),
while Fig.2 (3b) depends on the fourth-order derivative of the
potential, α(4). Figure 2 (3b) comes from the self-interaction
of the scalar field. On the other hand, the other three graphs
(Fig. 2 (1), (2) and (3a)) are due to the interaction between the
gravitational field and the scalar field (δg ψm(m = 1, 2, 3)).
From our discussion here, the higher-order loop corrections,
although they are suppressed by the Planck scale, make it pos-
sible to know the more information about the potential of the
scalar field. If we can detect these loop corrections, it helps
to discriminate many inflation models, even if they cannot be
distinguished only from the linear perturbation analysis.
IV. PERTURBATION OF EINSTEIN-LANGEVIN
EQUATION
Next we discuss the behavior of the loop corrections, espe-
cially those in the superhorizon region. We consider the time
evolution of the leading loop corrections, which is depicted in
Fig. 2 (2), in the superhorizon region. To calculate the loop
corrections to the scalar perturbations and the tensor perturba-
tions, we adopt the following metric form:
ds2 = −a2(τ)(1 + 2AkYk)dτ2 − 2a2(τ)
k
H
ΦkYjkdτdx
j
+a2(τ) (γij + 2H
(t)
Tk
eij(k)Yk)dx
idxj , (4.1)
where a and γij are the scale factor and the metric of max-
imally symmetric three space. The scalar perturbations are
described by A and (k/H)Φ, which are the so-called lapse
function and shift vector, respectively. H(t)T is the tensor per-
turbation. The scalar perturbations are expanded by a com-
plete set of harmonic function Yk(x), which satisfies
(∆ + k2)Yk(x) = 0 . (4.2)
Using these harmonic functions, we find the scalar compo-
nents of vector variables are expanded by
Yjk ≡ −k−1Yk|j . (4.3)
The tensor perturbations are expanded by the basis eij(k),
which satisfies the transverse traceless condition, γijeij(k) =
0 and kieij(k) = 0. Hence our variables are now Ak,Φk and
H
(t)
Tk
.
Since this gauge choice fixes both the time slicing and the
spatial coordinate completely, all physical variables with this
ansatz are gauge invariant. This choice of the time coordinate
is called a flat slicing, because the spatial curvature vanishes
in this slicing.
Note that because of nonlinear perturbations, the tensor per-
turbations are not decoupled from the scalar perturbations,
and the quantum fluctuations of the scalar field may amplify
not only the scalar perturbations but also the tensor perturba-
tions.
5A. Scalar perturbations
First we consider loop corrections to the scalar perturba-
tions. In particular, we discuss the evolution of the gauge-
invariant variable ζ. We focus on proper nonlinear effects,
and then we neglect the contributions from the product of the
linear perturbations. Then ζ is related to the density perturba-
tion in a flat slicing (δf ≡ δρ/ρ) as
ζ =
1
2ε
δf . (4.4)
This variable ζ is gauge-invariant and turns out to be a cur-
vature perturbation in a uniform density slicing. In the clas-
sical perturbation theory, the energy conservation law implies
that this variable is conserved in a superhorizon region for a
single-field inflation [18–20]. ζ is directly related to a gravi-
tational potential at the late stage of the universe and then to
the observed CMB fluctuations. Hereafter, when we need not
clarify the mode k, we neglect the index of the momentum for
the perturbed variables.
The density perturbation in the present slicing is given by
δT 00 ≡ −ρδfY
= δg0c〈Tˆ 0c(x)〉[g] + g0c{〈Tˆ (1)0c[φ[g], δg](x)〉
−2
∫
d4y
√
−g(y)H0cde[g](x, y)δgde(y) + 2ξ0c} .
(4.5)
Since the background energy-momentum tensor is given by
〈Tˆ 0a(x)〉[g] = g0b〈Tˆ ab(x)〉[g] = −ρ g0a , (4.6)
the direct contribution from the gravitational field is described
as
〈Tˆ (1)00[φ[g], δg](x)〉 = − 2
a2
{
1 +
ε
3
+O((κH)2)
}
ρAY .
(4.7)
With these two relations (4.5) and (4.7), the density perturba-
tion in flat slicing is written as
δf ≃ −2ε
3
A+
2
ρ
(δρm + δρξ) , (4.8)
where we have defined the density perturbations of the
stochastic source ξab and of the memory term as follows:
δρm ≡
∫
d3xe−ik·x
[
g00
∫
d4y
√
−g(y)
×H00c′d′ [g](x, y)gc
′e′gd
′f ′δge′f ′(y)
]
,
δρξ ≡
∫
d3xe−ik·x
[
−g00 ξ00(x)
]
. (4.9)
The Hamiltonian constraint equation gives a relation be-
tween the gauge invariant variable A and the density pertur-
bation δf as
A =
1
3
( k
H
)2
Φ− δf
2
. (4.10)
Using it, we eliminate A in Eq. (4.8), and find(
1− ε
3
)
δf =
2
ρ
(δρξ + δρm) +O
(
(k/H)2
)
. (4.11)
Hence, in superhorizon region, the two-point correlation func-
tion for δf is expressed in terms of four correlation functions
of δρξ and δρm, i.e.,
〈δfk(τ)δfp(τ)〉 ≃
4
V (τ)2
[
〈δρξk(τ)δρξp(τ)〉
+〈δρ
mk(τ)δρξp(τ)〉 + 〈δρξk(τ)δρmp(τ)〉
+〈δρmk(τ)δρmp(τ)〉
]
. (4.12)
Here we have used the relation
V (τ) =
(
1− ε
3
)
ρ+O(ρ (H/mpl)
2) . (4.13)
B. Tensor perturbations
In a similar way to the scalar perturbations, the transverse
traceless part of the fluctuation of the energy-momentum ten-
sor is given by
[
δT ij
]
TT
=
{
−δψ
2
a2
H
(t)
T + 2
(
ppi(t)m + ppi
(t)
ξ
)}
eij(k)Yk ,
(4.14)
where we have defined the transverse traceless part of the
anisotropic pressure both for the memory term and the
stochastic variable ξab as
ppi(t)m e
i
j(k) ≡
∫
d3xe−ik·x
[
−gik
∫
d4y
√
−g(y)
×Hkjc′d′ [g](x, y)gc
′e′gd
′f ′δge′f ′(y)
]
TT
,
ppi
(t)
ξ e
i
j(k) ≡
∫
d3xe−ik·x [gjkξ
ik(x)]TT . (4.15)
Taking into account that the transverse traceless part of Ein-
stein tensor is written as[
δGij
]
TT
=
1
a2
[ ∂2τ + 2H∂τ + k
2 ]H
(t)
T e
i
j(k)Yk , (4.16)
we find the transverse traceless part of the Einstein-Langevin
equation as
(∂2τ + 2H∂τ + k
2)H
(t)
T k
(τ)
= 2a2κ2
(
ppi
(t)
m k
(τ) + ppi
(t)
ξ k
(τ)
)
≡ Jtk(τ) . (4.17)
The l.h.s. of this equation is the same as the evolution equa-
tion for linear perturbation. In contrast to the linear pertur-
bation analysis, where the tensor perturbations are decoupled
from the scalar perturbations, the non-linear interaction cou-
ples these two modes. That is why in the r.h.s. there appears
6the influence of quantum fluctuations of a scalar field. A linear
second-order differential equation with a source term is solved
by the retarded Green function constructed from two indepen-
dent general solutions. In the present case, since we are inter-
ested in the tensor perturbations amplified by quantum scalar
fields, we assume that the tensor perturbations were absent in
the beginning of inflation. This gives H(t)
Tk
(τi) = 0 as the ini-
tial condition. The two independent general solutions for Eq.
(4.17) are given by
h
(1)
k (τ) =
x
1
2
a(τ)
H (1)ν (x) , h
(2)
k (τ) =
x
1
2
a(τ)
H (2)ν (x) ,
(4.18)
where ν2 = 94+3ε and x = −kτ . Hence, we find the solution
for Eq.(4.17) as
H
(t)
Tk
(τ) =
∫ ∞
τi
dτ ′Gret k(τ, τ
′)Jt k(τ
′) , (4.19)
where the retarded Green function is given by
Gretk(τ, τ
′) =
h
(1)
k (τ)h
(2)
k (τ
′)− h(2)k (τ)h(1)k (τ ′)
Wk(τ ′)
θ(τ − τ ′)
(4.20)
with
Wk(τ) = h
(2)
k (τ)
d
dτ
h
(1)
k (τ)− h(1)k (τ)
d
dτ
h
(2)
k (τ) .
(4.21)
Substituting general solutions into these equations, we obtain
the corresponding retarded Green function as
Gret k(τ, τ
′)
= −pi
2
a(τ ′)
a(τ)
√
ττ ′ Im[H(1)ν (x)H
(2)
ν′ (x
′)] θ(τ − τ ′) .
(4.22)
Here we have used the formula for the Hankel functions:
H(1)ν (x)
d
dx
H(2)ν (x)−H(2)ν (x)
d
dx
H(1)ν (x) =
4
piix
. (4.23)
Substituting these expressions into Eq. (4.19), we find the
tensor perturbations amplified by quantum scalar field as
H
(t)
Tk
(τ)
= −pi
2
∫ τ
τi
dτ ′
a(τ ′)
a(τ)
√
ττ ′ Im[H(1)ν (x)H
(2)
ν (x
′)] Jtk(τ
′)
= − pi
2k2
∫ 1
x
dx′
( x
x′
)1+ε√
xx′ Im[H(1)ν (x)H
(2)
ν (x
′)]J
tk(x
′) .
(4.24)
Here we have used the fact that the scale factor scales as
a(τ) ∝ |τ |−(1+ε). We have also omitted the contribution from
the subhorizon region because the Hankel functions oscillate
where x is larger than one.
V. NOISE KERNEL
The scalar perturbation ζ and the tensor perturbation H(t)T
are given by the stochastic variable and the memory term. To
evaluate the correlation functions for ζ and H(t)T , it is nec-
essary to compute quantum corrections for the scalar field,
which are imprinted on the noise and dissipation kernels. It
is expected that the contribution from the memory terms δρm
is smaller than that from the stochastic variable δρξ by the
order of magnitude of the slow-roll parameters. The reason
is as follows. The dissipation kernel is defined as two-point
function of the energy-momentum tensor. As is seen from the
definition of α(m), the contribution from the potential term is
suppressed by the slow-roll parameters. Also, as summarized
in Appendix B of our paper [36], the Green function scales as
(−τ)|slow-roll parameter| in the superhorizon region. Then,
the time derivative of this Green function is suppressed by
the slow-roll parameters. Taking into account that only the
contribution in the superhorizon region can accumulate on the
time integral of the memory term, we can see that the con-
tribution from the memory term, which is proportional to the
dissipation kernel, is suppressed by the slow-roll parameters.
Neglecting the contribution from the memory term, we find
the density perturbation δf only in terms of the density pertur-
bation of the stochastic variable as
δf ≃ 2δρξ
V
. (5.1)
Similarly, the tensor perturbation H(t)T is given by the trans-
verse traceless part of the anisotropic pressure of the stochas-
tic variable as
H
(t)
Tk
(τ) = −piκ
2
k2
∫ 1
x
dx′
( x
x′
)1+ε√
xx′
× Im[H(1)ν (x)H(2)ν (x′)] a2(τ ′) ppi(t)ξk(x
′) .
(5.2)
In this section, we shall evaluate the correlation functions of
δρξ and ppiξ . In Appendix A, we calculate these correlation
functions from the noise kernel. They are expressed in terms
of the Wightman Green function for the interaction picture
field in momentum space, G+k (τ1, τ2). First we determine the
Green function, and then we evaluate the correlation function
of δρξ and ppiξ .
A. Propagator
As mentioned before, to compute the correlation functions,
it is necessary to determine the Wightman function in momen-
tum space,
G+k (τ1, τ2) ≡ ψf,k(τ1)ψ∗f,k(τ2) , (5.3)
where ψf,k(τ) is the mode function of a quantum scalar field,
which satisfies the wave equation
ψf,k
′′(τ) + 2Hψf,k
′(τ) + {k2 + a2κ2V ηV }ψf,k(τ) = 0 .
(5.4)
7We solve this equation under the slow-roll condition. Intro-
ducing a new variable as ψ˜k(τ) ≡ a(τ) ψf,k(τ), this equation
is rewritten as
ψ˜′′k (τ) + [k
2 − {2− ε− ηV (3 − ε)}H2]ψ˜k(τ) = 0 , (5.5)
where we have used the relation
a2κ2V = a2κ2ρ
(
1− ε
3
)
= 3H2
(
1− ε
3
)
. (5.6)
On the sub-Planck scale, we can neglect the term whose
magnitude is smaller by the order of (κH)2 than that of the
leading term. We also ignore higher-order terms with respect
to the slow-roll parameters. So we do not include the time
evolution of slow-roll parameters. Under these assumptions,
the equation for ψ˜ becomes
d2
dx2
ψ˜(x) +
[
1− 2 + 3(ε− ηV )
x2
]
ψ˜(x) = 0 , (5.7)
where x ≡ −kτ , and we have used H ≃ −1/[(1− ε)τ ]. The
general solution is given by the Hankel functions as
ψ˜k(τ) = x
1
2
[
C˜H
(1)
β (x) + D˜H
(2)
β (x)
]
, (5.8)
where β2 ≡ 9/4 + 3(ε − ηV ), with two arbitrary integration
constants C˜ and D˜. This implies
ψk(τ) =
x
1
2
a(τ)
[
C˜H
(1)
β (x) + D˜H
(2)
β (x)
]
. (5.9)
We assume that the mode functions should have the same form
as in Minkowski spacetime, i.e.,
ψk(τi) =
1√
2k
e−ikτi , (5.10)
when the wavelength is much shorter than the horizon scale,
i.e., at very early stage of the universe. This fact may be true
in the present gauge rather than the comoving gauge. Then
the mode function and the Wightman function in momentum
space are given by
ψk(τ) =
√
pi|τ |
2
ai
a(τ)
ei
(2β+1)pi
4 H
(1)
β (x) (5.11)
G+k (τ1, τ2) =
pi
√
τ1 τ2
4
a2i
a1a2
H
(1)
β (x1) H
(2)
β (x2) .
(5.12)
Setting ai = 1, we give the scale factor a(τ) by a(τ) =
(τi/τ)
1+ε
. Using this fact, we rewrite the Wightman function
as
G+k (τ1, τ2) =
pi
√
τ1 τ2
4
(τ1τ2
τ2i
)1+ε
H
(1)
β (x1) H
(2)
β (x2)
=
pi
4
(x1x2)
3
2
k3
(τ1τ2
τ2i
)ε
(1− ε)2H2i H(1)β (x1) H(2)β (x2) .
(5.13)
Here we have used the relation
τ−2i = (1− ε)2H2i = (1− ε)2H2i . (5.14)
To compute the correlation functions, it is sufficient to con-
sider the evolution of the Wightman function in the superhori-
zon region. The behavior of G+k (τ1, τ2) in the superhorizon
region is summarized in Appendix B in [36].
B. Scalar perturbations
Once the Wightman function is determined, we can com-
pute the correlation function of δρξ from Eq. (A12).
〈δρξk(τ)δρξp(τ)〉(4)
=
∫
d3x1d
3x2e
−i(k·x1+p·x2)〈ξ00(x1)ξ0
′
0′(x2)〉(4)
∣∣∣
τ1,τ2=τ
=
1
8
δ(k +p)
∫
d3q
×
{
(a1)
−2
(
∂ qτ1 ∂
k−q
τ1 −q · (k −q)
)
+ α
(2)
1 V
cl
1 κ
2
}
×
{
(a2)
−2
(
∂ qτ2 ∂
k−q
τ2 −q · (k −q)
)
+ α
(2)
2 V
cl
2 κ
2
}
× Re
[
G+q(τ1, τ2)G
+
|k−q|
(τ1, τ2)
]∣∣∣
τ1,τ2=τ
,
(5.15)
where the number of the superscript (4) represents the power
of (κH). We put the momentum superscript on the par-
tial derivative operator. This means, for example, ∂ qτ1 oper-
ates only on the Wightman function with the momentum q,
G+q(τ1, τ2). It is convenient to divide this correlation func-
tion into the subhorizon part Isb(τ,k) and the superhorizon
part Isp(τ,k), which are defined by
Isb(τ,k) ≡
∫
q∈[H, ∞]
d3q
×
{
(a1)
−2
(
∂ qτ1 ∂
k−q
τ1 −q · (k −q)
)
+ α
(2)
1 V
cl
1 κ
2
}
×
{
(a2)
−2
(
∂ qτ2 ∂
k−q
τ2 −q · (k −q)
)
+ α
(2)
2 V
cl
2 κ
2
}
× Re
[
G+q(τ1, τ2)G
+
|k−q|
(τ1, τ2)
]∣∣∣
τ1,τ2=τ
(5.16)
Isp(τ,k) ≡
∫
q∈[0, H]
d3q
×
{
(a1)
−2
(
∂ qτ1 ∂
k−q
τ1 −q · (k −q)
)
+ α
(2)
1 V
cl
1 κ
2
}
×
{
(a2)
−2
(
∂ qτ2 ∂
k−q
τ2 −q · (k −q)
)
+ α
(2)
2 V
cl
2 κ
2
}
× Re
[
G+q(τ1, τ2)G
+
|k−q|
(τ1, τ2)
]∣∣∣
τ1,τ2=τ
. (5.17)
First we discuss the subhorizon part, Isb(τ,k). Since we con-
sider only the superhorizon mode as the momentum of the
external line (k), k is much smaller than the horizon scale
H. This implies that the momentum of the internal line q
in Isb(τ,k), which is larger than H, is much larger than the
8external momentum, k. Hence, we can approximate |q−k| as
q. So Isb(τ,k) depends only on τ , and then
Isb(τ,k) = Isb(τ) =
1
k3
k3Isb(τ) ∝ 1
k3
(−kτ)3 . (5.18)
Here we have separated the scale invariant part of k−3. Since
the remaining part, k3Isb(τ), must be a function of −kτ , we
find that even the leading part of Isb(τ,k) decays as (−kτ)3.
Hence we can neglect the contribution from the subhorizon
region.
Consequently, the correlation function of δρ
ξk(τ) is evalu-
ated only in the superhorizon region as
〈δρξk(τ)δρξp(τ)〉(4) ≃
1
8
δ(k +q) Isp(τ, k) . (5.19)
As seen in Appendix B in [36], in the superhorizon region, the
Wightman functionG+k (τ1, τ2) is approximated as
G+k (τ1, τ2) ≃
1
2
√
τ1τ2
a1a2
(x1x2)
−β
≃ 1
2
(τ1τ2)
1
2−β
a1a2
k−2β . (5.20)
Substituting this expression into the definition of Isp(τ,k) and
neglecting the sub-leading terms w.r.t. the slow-roll parame-
ters, we obtain Isp(τ, k) as
Isp(τ,k) =
(
ηV V
clκ2
)2 1
4
|τ |2−4β
a(τ)4
×
∫
q∈[0, H]
d3q
q3+2(ε−ηV ) |k −q|3+2(ε−ηV )
.
(5.21)
Here we encounter the so-called infrared divergence problem.
In the long wave limit (q → 0), the integrand is approximately
q−[3+2(ε−ηV )]. Then this integral could be divergent depend-
ing on the signature of (ε− ηV )[68]. This is the infrared (IR)
problem, which sometimes appears in the quantum field the-
ory in an inflationary universe. When we use the scale in-
variant power spectrum, in general we find this divergence on
the loop corrections. Here, introducing the cut off by the ini-
tial horizon scale, we just neglect the effects from the long
wave modes whose comoving lengths are larger than the ini-
tial horizon scale aiHi. We tentatively discuss this IR problem
in Sec.VII and elaborate this problem in [69].
After introducing the cut off Hi and integrating over the
internal momentum q, we obtain a finite result. Using the
loop integral Eq. (B4), whose detailed derivation is given in
Appendix C, we find Isp(τ,k) as
Isp(τ,k)
=
(
ηV V
clκ2
)2 pi
k3
H(τ)4x−4(ε−ηV )
×
[ 1
3
− 1− (Hi/k)
−2(ε−ηV )
2(ε− ηV ) −
1
3
( k
H
)3+4(ε−ηV )]
.
(5.22)
Substituting this result into Eq. (5.19), we obtain the correla-
tion function of δρξk(τ) as
〈δρξk(τ)δρξp(τ)〉(4)
≃ pi
8
{κH(τ)}4
k3
(
ηV V
cl
)2
x4(ηV −ε) δ(k +p)
×
[ 1
3
− 1− (Hi/k)
−2(ε−ηV )
2(ε− ηV ) −
1
3
( k
H
)3+4(ε−ηV )]
.
(5.23)
If ε > ηV , it diverges when we remove the cut-off Hi.
C. Tensor perturbations
Next we calculate the correlation function of the transverse
traceless part of the anisotropic pressure of the stochastic vari-
able, ppiξk(τ), which is given by Eq.(A17) in Appendix B, as
〈ppiξk(τ1)eij(k)ppiξp(τ2)eji(p)〉(4)
=
1
4(a1a2)2
δ(k +p)
∫
d3q
(
q2 − (k ·q)
2
k2
)2
×Re
[
G+q(τ1, τ2)G
+
|k−q|
(τ1, τ2)
]
.
(5.24)
For the tensor perturbations, we also divide the correlation
functions into the subhorizon part Jsb(τ1, τ2,k) and the su-
perhorizon part Jsp(τ1, τ2,k), which are defined as
Jsb(τ1, τ2,k)
≡ θ(τ1 − τ2)
∫
q∈[H2,∞]
d3q
(
q2 − (k ·q)
2
k2
)2
×Re
[
G+q(τ1, τ2)G
+
|k−q|
(τ1, τ2)
]
+ θ(τ2 − τ1)
∫
q∈[H1,∞]
d3q
(
q2 − (k ·q)
2
k2
)2
×Re
[
G+q(τ1, τ2)G
+
|k−q|
(τ1, τ2)
]
(5.25)
Jsp(τ1, τ2,k)
≡ θ(τ1 − τ2)
∫
q∈[Hi,H2]
d3q
(
q2 − (k ·q)
2
k2
)2
×Re
[
G+q(τ1, τ2)G
+
|k−q|
(τ1, τ2)
]
+ θ(τ2 − τ1)
∫
q∈[Hi,H1]
d3q
(
q2 − (k ·q)
2
k2
)2
×Re
[
G+q(τ1, τ2)G
+
|k−q|
(τ1, τ2)
]
.
(5.26)
Note that to compute the correlation function for the ten-
sor perturbation,H(t)
Tk
(τ) at conformal time τ , it is necessary
9to consider the correlation function of ppiξk for two differ-
ent times τ1 and τ2. This is because, as seen from Eq. (5.2),
the expression of H(t)T includes the time integral. Therefore,
there are two different comoving horizon scales correspond-
ing to the different times τ1 and τ2. For the same reason as
in the case of the scalar perturbations, we have introduced the
IR cut-off Hi. Nevertheless, we can see later, for the tensor
perturbations, even if we remove the IR cut-off, the loop cor-
rections remains finite.
By virtue of the same argument as that presented in the
scalar perturbations, Jsb(τ1, τ2,k) contains only the decay-
ing modes. To show this, note that if either −kτ1 or −kτ2 is
larger than unity, it does not produce cumulative contributions
because of the oscillation of the Hankel function in subhorizon
region, as mentioned in Eq. (4.24). Hence, it is sufficient to
consider only the case where both−kτ1 and−kτ2 are smaller
than unity. If τ1 ≥ τ2, then the inner momentum q is larger
than H2 ≃ −1/τ2. Hence, this implies that q is larger than
k. Approximating |k−q| as q, we find that Jsb(τ1, τ2,k) con-
tains only the decaying mode as we have shown in the scalar
perturbations. The same discussion is valid also in case of
τ2 ≥ τ1. Hence, in order to compute the correlation function
of ppi(t)ξ , it is sufficient to consider only the contribution from
the superhorizon region, Jsp(τ1, τ2,k).
As with the case of scalar perturbations, substituting the
approximation of the Wightman function in the superhorizon
region into the definition of Jsp(τ1, τ2,k), we find the contri-
bution from the superhorizon region as
Jsp(τ1, τ2,k) ≡ 1
4
(τ1τ2)
1−2β
(a1a2)2
·
[
θ(τ1 − τ2)
∫
q∈[Hi,H2]
d3q
(
q2 − (k ·q)
2
k2
)2
× 1
q3+2(ε−ηV ) |q −k|3+2(ε−ηV )
+ θ(τ2 − τ1)
∫
q∈[Hi,H1]
d3q
(
q2 − (k ·q)
2
k2
)2
× 1
q3+2(ε−ηV ) |q −k|3+2(ε−ηV )
]
.
(5.27)
This loop integral is given by Eq. (B5) in Appendix C. It
implies
Jsp(τ1, τ2,k)
≃ 8pi
15
H4kk
[
θ(x2 − x1) x2ηV1 x−1+4ε−2ηV2
+θ(x1 − x2) x−1+4ε−2ηV1 x2ηV2 −
3
4
(x1x2)
2ηV
]
,
(5.28)
where we have used H(τ)2x−2ε = H2k . To derive this re-
lation, we have taken the limit of Hi → 0. No divergence
appears. It means that the cut-off for the infrared region is
not necessary. It is interesting to note that scalar perturba-
tions have the infrared divergence, but tensor perturbations do
not suffer from the infrared problem. In Sec.VII, we discuss
the origin of this infrared divergence and the reason why only
tensor perturbations does not contain it.
As a result, we obtain the correlation function for the tensor
part of the anisotropic pressure as
〈ppiξk(τ1)eij(k) ppiξp(τ2)eji(p)〉(4)
≃ 1
4
(a1a2)
−2 δ(k +p) Jsp(τ1, τ2,k)
≃ 2pi
15
H4kk
(a1a2)2
δ(k +p)
[
θ(x2 − x1)x2ηV1 x−1+4ε−2ηV2
+θ(x1 − x2)x−1+4ε−2ηV1 x2ηV2 −
3
4
(x1x2)
2ηV
]
.
(5.29)
In our computation, we have neglected the loop corrections
from the tensor perturbations, because the amplitude of power
spectrum for the tensor perturbations is smaller than that for
the scalar perturbations by order of the slow-roll parameter ε.
VI. LOOP CORRECTIONS TO THE CORRELATION
FUNCTIONS
As shown in Eqs. (5.1) and (5.2), the leading parts of the
correlation function of the density perturbation in a flat-slicing
δf and of the tensor perturbation H(t)T are determined by the
stochastic variables δρξ and ppi(t)ξ . We then have calculated
the correlation functions of δρξ and ppiξ for the noise ker-
nel. Combining these results, we shall evaluate the correlation
functions of δf and H(t)T .
A. Scalar perturbations
To evaluate the correlation function of the density perturba-
tion in flat-slicing δf , focusing on the proper nonlinear effects,
we neglect the contribution from the product of linear pertur-
bations. This density perturbation is related to the curvature
perturbation in uniform slicing ζ by Eq. (4.4). Hence, once
we find the loop corrections to δf , we also obtain the loop
corrections to ζ. The curvature perturbation ζ is proportional
to the gravitational potential in the late time of the universe
and it is directly related to the fluctuation of the temperature
of CMB. That is why it is important for us to consider this
gauge-invariant variable among scalar perturbations.
From Eq. (5.1) and (5.23), the loop corrections to the cor-
relation function of the density perturbation are given by
〈δfk(τ)δfp(τ)〉(4)
≃ pi
2
(κHk)
4
k3
η2V (−kτ)4ηV δ(k +p)
×
[1
3
− 1− (k/Hi)
2(ε−ηV )
2(ε− ηV )
]
, (6.1)
where we have used the relation of H(τ)2x−2ε = H2k . In
our previous work [36], we showed that when we solve ex-
plicitly the Einstein- Langevin equation [24], which includes
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an iterative aspect, it disturbs the constant evolution of ζ in
superhorizon region. Since this is a problem of the way to
quantize the scalar field and the gravitational field, the same
effects may exist in the present loop corrections. Hence, we
restrict our discussions to the case when ηV log x is smaller
than unity, i.e., we assume that (−kτ)4ηV ≈ 1. Then, we find
the correlation function of the density perturbation δf as
〈δfk(τ)δfp(τ)〉(4)
≃ pi
2
(κHk)
4
k3
η2V δ(k +p)
{1
3
− 1− (k/Hi)
2(ε−ηV )
2(ε− ηV )
}
.
(6.2)
Taking into account Eq. (4.4), we obtain the loop corrections
to the correlation function of the curvature perturbation in uni-
form density slicing ζ as
〈ζk(τ)ζp(τ)〉(4)
≃ pi
8
(κHk)
4
k3
(ηV
ε
)2
δ(k +p)
{1
3
− 1− (k/Hi)
2(ε−ηV )
2(ε− ηV )
}
.
(6.3)
The final result depends on the initial Hubble horizon scale,
Hi = Hi, which is introduced to remove the infrared diver-
gence. The case with 2|ε− ηV | log(k/Hi) < 1 is particularly
interesting. This, in other words, corresponds to the case of
Nk < 1/2|ε− ηV |, where Nk ≃ log(k/Hi) is the e-folding
from the beginning of inflation to the horizon crossing time.
In this case, this correlation function is approximated as
〈ζk(τ)ζp(τ)〉(4)
≃ pi
8
(κHk)
4
k3
(ηV
ε
)2
δ(k +p)
(1
3
+Nk
)
. (6.4)
Note that there appears the logarithmic corrections. These re-
sults imply that although the one-loop correction is suppressed
by (κHk)4 and is smaller by the order of the (κHk)2 than
tree-level effects, it is amplified by the e-folding Nk from the
initial time to the horizon crossing time, which can become
large contrary to the e-folding from the horizon crossing time
to the end of the inflation. However note that this amplifica-
tion is derived by introducing the IR cut-off and the obtained
loop corrections significantly depend on the choice of the IR
cut-off.
B. Tensor perturbations
The tensor perturbation H(t)T is related to the source term
ppi
(t)
ξ , and the correlation function of ppi
(t)
ξ is given by Eq.
(5.29). Then, integrating over x = −kτ , we obtain the cor-
relation function and the amplitude of the tensor perturbation,
which could be amplified by the quantum effect of a scalar
field. To integrate over x, it is helpful to note the asymp-
totic behaviour of the Hankel function when the argument x
is smaller than unity. As summarized in Appendix B in [36],
the part of the integrand is approximated as
Im
[
H (1)ν (x) H
(2)
ν (x1)
]
≃ − 2
3pi
[
{
(x1
x
)ν
−
( x
x1
)ν]
.(6.5)
Using this approximation, we find the loop corrections to the
correlation function of the tensor perturbations as
〈H(t)
Tk
(τ)eij(k) H
(t)
Tp(τ)e
j
i(p)〉(4)
≃ pi
135
(κHk)
4
k3
δ(k +p)
( 7
6
− 15 x2+2ηV
)
.
(6.6)
It is interesting to note that there is no dependence on the in-
frared cut offHi in the tensor perturbations. Furthermore, the
tensor perturbations are divergence free in the superhorizon
region. We shall discuss the reason in the next section. In
our computation, we have neglected the loop corrections from
the tensor perturbations, since the amplitude of the tensor per-
turbations are smaller than that of the scalar perturbations by
order of the slow-roll parameter ε.
VII. DISCUSSIONS
Using the Einstein-Langevin equation proposed in [24], we
calculate the loop corrections to the scalar perturbations and
the tensor perturbations, which are amplified through the non-
linear interaction between the scalar field and the gravitational
field. Here we discuss the origin of the amplification.
When we consider the loop corrections in inflationary uni-
verse, there are two different divergences. One is the ultravi-
olet (UV) divergence. Since this divergence is originated by
short wave modes, such divergence also appears in the quan-
tum field theory in a Minkowski background. In inflation-
ary spacetime, there exists another divergence, which is not
found in Minkowski spacetime. This is the IR divergence. To
avoid this IR divergence, we have introduced the cut-off at the
initial Hubble horizon size. Then the amplitude of the one-
loop corrections to the curvature perturbation ζ is amplified
by the e-folding from the initial time of inflation to the hori-
zon crossing time, i.e., the logarithmic correction. If this is
true, this amplification may make it possible to detect these
loop corrections. Then it will be a great help to clarify the
fundamental properties of an inflation model.
So far we have several discussions about this logarithmic
corrections due to IR divergence. Early works about this
problem are done by Boyanovsky, de Vega and Sanchez [64–
67]. They calculated one loop corrections by light scalar
and fermion fields to the inflaton potential, and also evalu-
ated those by the gauge invariant curvature and tensor pertur-
bations. They found that there appear the IR enhancements
both in the scalar field corrections and curvature perturba-
tions, while both fermion corrections and tensor perturbations
do not exhibit IR divergences. Weinberg also pointed that
the loop corrections to the primordial perturbations behave
at most logarithmic [9, 10]. Afterward Sloth considered the
loop corrections to the fluctuation of the scalar field in flat-
slicing [11, 12]. To avoid IR divergence, he introduced the
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cut off by the initial horizon scale. As a result, he found that
the loop correction is amplified by the e-folding from the ini-
tial time of inflation to the horizon crossing time, which is
also found in this paper from the analysis based on stochas-
tic gravity. Following Sloth, Seery readdressed this problem
more carefully [13, 14]. In particular, he analysed the evolu-
tion in the superhorizon region using the δN formula [18, 53],
and improved his results. In this paper, we have computed
the loop corrections by stochastic gravity, and found the simi-
lar logarithmic corrections for scalar perturbations. The same
logarithmic behaviours have been found in other interacting
systems [59–61]. However, we should note that the IR prob-
lem requires the careful treatment and the way to evaluate IR
effects is controversial [62, 63].
Recently, Lyth has claimed that, to avoid the assumptions
on unknown parts of the universe, the calculation about loop
corrections should be done inside a comoving box, whose size
L is not too much bigger than the present horizon scale [15].
The IR corrections are significantly reduced, although we still
find the logarithmic behaviours. Furthermore, Bartolo et al.
claimed that a stochastic approach plays a crucial role to deal
with this problem [17]. In relation to their insists, we should
stress our interesting results. That is, although the scalar per-
turbations are amplified by the logarithmic corrections, the
tensor perturbations are not. Even if we remove the IR cut-
off, the IR divergence does not appear in tensor perturbations.
This difference between the scalar and tensor perturbations
seems to be related to the origin of these logarithmic correc-
tions.
To consider the origin of this logarithmic corrections due
to the IR cut-off, we first mention the prediction in stochas-
tic inflation[40–42, 44–51]. In stochastic inflation, the long
wave mode k with k < aH of the scalar field couples to the
short wave mode k with k > aH through the nonlinear self-
interaction of the scalar field. Then the long wave modes are
affected by the quantum fluctuation of the short wave modes.
As a result, the long wave modes come to show stochastic
behavior. This stochastic behavior of the long wave modes
affects the background quantities.
In our case, due to the nonlinear interaction between the
gravitational field and the scalar field, the long wave modes
and the background quantities come to show the stochastic
behavior. Since the scalar perturbations are defined as the de-
viation from the background quantities, the stochastic fluc-
tuation of the background quantities affect the behavior of the
perturbed variables. As a result, it induces the logarithmic sec-
ular evolution of the perturbed variables. On the other hand,
there are no background tensor modes, and then the one loop
corrections to the tensor perturbation can avoid being affected
by the background stochastic fluctuations. Furthermore, al-
though in this paper, as the simplest step for treating the IR
divergence, we have simply neglected the long wave modes
with −kHi > 1, the infrared modes require the more care-
ful treatment. We will propose the way to regularize the IR
corrections in [69].
There is another notable difference between the scalar and
the tensor perturbations. As pointed out in our previous work,
in the present approach of stochastic gravity the longitudinal
part of gravitational field is included iteratively. This affects
the behavior of perturbations in the superhorizon region. In
particular, the curvature perturbation deviates from constant
when the e-folding from the horizon crossing time exceeds the
definite critical value ( |slow-roll parameter|−1). Since this is
the problem of the way to quantize the gravitational field and
the matter field, the loop corrections to the scalar perturbations
are also influenced by the nonexistence of the longitudinal part
of the quantized gravitational field. In fact, as shown in Eq.
(6.1), the one loop correction to the curvature perturbation ζ
evolves as x4ηV in the superhorizon region. On the other hand,
as shown in Eq. (6.6), the tensor perturbations do not decay.
This means that even if we use the Einstein-Langevin equation
in the present iterative way, it does not affect the one loop
correction to the tensor perturbations.
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Appendix A: Computations of the Noise kernel
In Appendix A, we calculate the noise kernel, which is defined by Eq. (2.2) and (2.3). As shown in Sec.VI, we have to compute
the correlation function of the density perturbation and the transverse traceless part of the anisotropic pressure of the stochastic
variable ξab. Then, we compute the (0, 0, 0′, 0′) component and the transverse traceless part of the (i, j, k′, l′) component of the
noise kernel, i.e., F 0 0′0 0′(x1, x2) and F i k
′
j l′(x1, x2). Note that the noise kernel is computed from the quantum fluctuation of the
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scalar field on the background spacetime. Decomposing the scalar field into φ = φcl + ψ, the energy momentum tensor
Tab = ∇aφ∇bφ− 1
2
gab[∇cφ∇cφ+ 2V (φ)] (A1)
is expressed as the classical part and the fluctuation part as follows:
Tab = T
(cl)
ab + δTab ;
T
(cl)
ab ≡ δ0aδ0ba2φ˙2cl +
1
2
gabφ˙
2
cl − gabV (φcl) (A2)
δTab ≡ (δ0a∇bψ + δ0b∇aψ + ηab∇0ψ)aφ˙cl +∇aψ∇bψ −
1
2
gab∇cψ∇cψ − gabV (φcl)
∞∑
m=1
α(m)
m!
(κψ)m . (A3)
The noise kernel, which represents the fluctuation of the energy-momentum tensor, can be expressed in terms of δTab. In
fact, substituting this decomposed energy-momentum tensor into the definition of Fabc′d′(x1, x2), we can express the two-point
function Fabc′d′(x1, x2) as
Fabc′d′(x1, x2)
= 〈δ̂T ab(x1)δ̂T c′d′(x2)〉 − 〈δ̂T ab(x1)〉〈δ̂T c′d′(x2)〉
= a1a2φ˙cl,1φ˙cl,2 [ δ
0
aδ
0
c′G
H
;bd′ + δ
0
aδ
0
d′G
H
;bc′ + δ
0
bδ
0
c′G
H
;ad′ + δ
0
bδ
0
d′G
H
;ac′
+ ηc′d′(δ
0
aG
H
;b0′ + δ
0
bG
H
;a0′) + ηab(δ
0′
c′G
H
;0d′ + δ
0′
d′G
H
;0c′) + ηabηc′d′G
H
;00′ ]
+ GH;ac′G
H
;bd′ +G
H
;ad′G
H
;bc′ − (a1)2ηabGH;ec′GH;e;d′ − (a2)2ηc′d′GH;af ′GH;f
′
;b +
(a1a2)
2
2
ηabηc′d′G
H
;ef ′G
H;ef ′
− (a1)2ηabVcl,1
[
a2φ˙cl,2 α˜
(1)
1 κ(δ
0′
c′G
H
;d′ + δ
0′
d′G
H
;c′ + ηc′d′G
H
;0′) + α˜
(2)
1 κ
2
(
GH;c′G
H
;d′ −
(a2)
2
2
ηc′d′G
H
;f ′G
H;f ′
)]
− (a2)2ηc′d′Vcl,2
[
a1φ˙cl,1 α˜
(1)
2 κ(δ
0
aG
H
;b + δ
0
bG
H
;a + ηabG
H
;0 ) + α˜
(2)
2 κ
2
(
GH;aG
H
;b −
(a1)
2
2
ηabG
H
;eG
H;e
)]
+ (a1a2)
2ηabηc′d′Vcl,1Vcl,2
[
α˜
(1)
1 α˜
(1)
2 κ
2GH +
α˜
(2)
1 α˜
(2)
2
2!
(κ2GH)2 +
α˜
(3)
1 α˜
(3)
2
3!
(κ2GH)3 +O
(
(ε
1/2
SRκH)
8
)]
,
(A4)
where GH ≡ 〈Ω|ψˆH(x1)ψˆH(x2)|Ω〉 is the Wightman Green function for the interacting system, which is defined as the two-
point function of the Heisenberg field ψˆH . Here we have redefined the coefficients α˜m, including the divergent part GH(x, x)
as follows:
α˜(1)x ≡ α(1)x +
α
(3)
x
2
κ2GHxx +
α
(5)
x
8
{
κ2GHxx
}2
+O
(
(ε
1/2
SRκH)
6
)
α˜(2)x ≡ α(2)x +
α
(4)
x
2
κ2GHxx +O(ε
3
SR(κH)
4)
α˜(3)x = α
(3)
x +O
(
(ε
1/2
SRκH)
2
)
. (A5)
Strictly speaking, we have to renormalize these divergent terms into the coefficients of the potential V (φ). In this paper, we
assume that these divergent parts are removed by an appropriate renormalization procedure. So the finite part of these radiative
correction terms is much smaller than the leading term among the coefficients α˜(m). Here we neglect them and approximate
α˜(m) as α(m).
In our previous work [36], we discussed the linear perturbations which are proportional to (κH)2. In this paper, we consider
the leading loop corrections which are proportional to (κH)4. The self-interaction part contributes to the effective action from
the order (κH)6, which is depicted in Fig. 2 (3). In these diagrams, the solid line represents the interacting picture field which
satisfies the equation
[∂20 + (D − 2)H∂0 −∇2 + a2V ′′(φcl)] ψf (x) = 0 . (A6)
When we compute the effective action up to the order of (κH)4, we can replace the Wightman function for the Heisenberg field
GH(x1, x2) to the Wightman function for the interaction picture field G+(x1, x2). Then, the parts of Fabc′d′(x1, x2), whose
13
orders are (κH)2 and (κH)4, are given by
F
(2)
abc′d′(x1, x2) = a1a2φ˙cl,1φ˙cl,2 [ δ
0
aδ
0
c′G
+
;bd′ + δ
0
aδ
0
d′G
+
;bc′ + δ
0
bδ
0
c′G
+
;ad′ + δ
0
bδ
0
d′G
+
;ac′
+ ηc′d′(δ
0
aG
+
;b0′ + δ
0
bG
+
;a0′) + ηab(δ
0′
c′G
+
;0d′ + δ
0′
d′G
+
;0c′) + ηabηc′d′G
+
;00′ ]
− (a1)2ηabVcl,1a2φ˙cl,2 α(1)1 κ(δ0
′
c′ G
+
;d′ + δ
0′
d′ G
+
;c′ + ηc′d′ G
+
;0′)
− (a2)2ηc′d′Vcl,2a1φ˙cl,1α(1)2 κ(δ0a G+;b + δ0b G+;a + ηab G+;0)
+ (a1a2)
2ηabηc′d′Vcl,1Vcl,2 α
(1)
1 α
(1)
2 κ
2G+ (A7)
and
F
(4)
abc′d′(x1, x2) = G
+
;ac′G
+
;bd′ +G
+
;ad′G
+
;bc′ − (a1)2ηabG+;ec′G;e;d′ − (a2)2ηc′d′G+;af ′G+ ;f
′
;b +
(a1a2)
2
2
ηabηc′d′G
+
;ef ′G
+;ef ′
− (a1)2ηabVcl,1α(2)1 κ2
{
G+;c′G
+
;d′ −
1
2
(a2)
2ηc′d′G
+
;f ′G
+;f ′
}
− (a2)2ηc′d′Vcl,2α(2)2 κ2
{
G+;aG
+
;b −
1
2
(a1)
2ηabG
+
;eG
+;e
}
+ (a1a2)
2ηabηc′d′Vcl,1Vcl,2
α
(2)
1 α
(2)
2
2
(κ2G+)2 , (A8)
respectively, where the superscript numbers represent the powers of (κH). To compute the correlation functions of the primordial
perturbations in momentum space, it is convenient to use the Fourier-transformed Wightman function given by
G+k (τ1, τ2) ≡ ψf,k(τ1)ψ∗f,k(τ2) , (A9)
where the mode function ψf,k(τ) satisfies
[∂20 + 2H∂0 + k
2 + a2V (φcl)ηV κ
2] ψ
f,k(τ) = 0 . (A10)
1. Scalar perturbations
Using Eq. (A8), we give the leading loop corrections to the correlation function of the stochastic variable ξab. To compute
the loop corrections to the scalar perturbations, first we have to find the correlation function of the density perturbation of the
stochastic variable, which is given by the (0, 0, 0′, 0′) component of the noise kernel. It is obtained from the real part of F000′0′ .
The part of order of (κH)4 is
Fˆ
(4)0 0′
0 0′(τ1, τ2,k,p) ≡
∫
d3x1
∫
d3x2e
−ik·x1e−ip·x2F
(4)0 0′
0 0′(x1, x2)
=
1
2
δ(3)(k +p)
∫
d3q
{
(a1)
−2
(
∂ qτ1 ∂
k−q
τ1 −q · (k −q)
)
+ α
(2)
1 Vcl,1κ
2
}
×
{
(a2)
−2
(
∂ qτ2 ∂
k−q
τ2 −q · (k −q)
)
+ α
(2)
2 Vcl,2κ
2
}
G+q(τ1, τ2)G
+
|k−q|
(τ1, τ2)
(A11)
We put the momentum superscript on the partial derivative operator to represent that ∂ qτ1 operates only to the Wightman function,
G+q(τ1, τ2). For example, ∂ qτ1 ∂
k−q
τ1 G
+
q(τ1, τ2)G
+
|k−q|
(τ1, τ2) means ∂τ1 G
+
q(τ1, τ2)∂τ1G
+
|k−q|
(τ1, τ2). Taking into
account that the correlation function of the stochastic variable is given by the noise kernel (2.2), we find Eq. (A11) implies
〈δρξk(τ1)δρξp(τ2)〉(4) =
∫
d3x1
∫
d3x2e
−ik·x1e−ip·x2〈ξ00(x1)ξ0
′
0′(x2)〉(4)
=
1
8
[
Fˆ
(4)0 0′
0 0′(τ1, τ2,k,p) + Fˆ
(4)0 0′
0 0′(τ1, τ2, −k, −p)∗
]
=
1
8
δ(3)(k +p)
∫
d3q
{
(a1)
−2
(
∂ qτ1 ∂
k−q
τ1 −q · (k −q)
)
+ α
(2)
1 Vcl,1κ
2
}
×
{
(a2)
−2
(
∂ qτ2 ∂
k−q
τ2 −q · (k −q)
)
+ α
(2)
2 Vcl,2κ
2
}
Re
[
G+q(τ1, τ2)G
+
|k−q|
(τ1, τ2)
]
.
(A12)
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On the third equality, we have transformed the momentumq to−q in the integral of Fˆ (4)0 0′0 0′(τ1, τ2, −k, −p)∗. This integral
corresponds to the integral of the momentum of the internal line of the loop graph.
2. Tensor perturbations
Next we calculate the correlation function of the transverse traceless part of the anisotropic pressure for which we have to
compute the loop corrections to the tensor perturbations. The correlation function of the pressure part of the stochastic variable
is given by the bi-tensor F (4)i l
′
j m′ in momentum space as
Fˆ
(4)i l′
j m′(τ1, τ2,k,p) =
∫
d3x1
∫
d3x2e
−ik·x1e−ip·x2F
(4)i l′
j m′(x1, x2)
=
1
2
(a1a2)
−2 δ(k +p)
∫
d3q [{qi(kj − qj) + qj(ki − qi)}{ql
′
(km′ − qm′) + qm′(kl
′ − ql′)}
+ (trace part) ] G+q(τ1, τ2)G+|k−q|(τ1, τ2) . (A13)
The transverse traceless part of any tensor on spatial flat hypersurface can be extracted by means of the projection operator,
P ij(k), as follows,
t it j(k) =
[
P ik(k)P
l
j(k)−
1
2
P ij(k)P
l
k(k)
]
tkl(k) P
i
j(k) ≡ δij −
kikj
k2
. (A14)
Operating the projection operator onto Fˆ (4)i l′j m′(τ1, τ2,k,p), we extract its tensor part as follows:
[Fˆ
(4)i l′
j m′(τ1, τ2,k,p)]TT =
1
2(a1a2)2
δ(k +p)
∫
d3q G+q(τ1, τ2)G
+
|k−q|
(τ1, τ2)
×
{
−2qiqj + δij
(
q2 − (q ·k)
2
k2
)
− k
ikj
k2
(
q2 +
(q ·k)2
k2
)
+ 2
q ·k
k2
(kiqj + q
ikj)
}
×
{
−2ql′qm′ + δl
′
m′
(
q2 − (q ·k)
2
k2
)
− k
l′km′
k2
(
q2 +
(q ·k)2
k2
)
+ 2
q ·k
k2
(kl
′
qm′ + q
l′km′)
}
.
(A15)
Consequently, taking into account the definition of the noise kernel (2.2), we can give the correlation function of the transverse
traceless part of the anisotropic pressure pτ (t)ξ by
〈ppi(t)
ξk
(τ1)e
i
j(k)ppi
(t)
ξp(τ2)e
l′
m′(p)〉(4)
=
∫
d3x1
∫
d3x2e
−ik·x1e−ip·x2 〈ξij(x1)ξl
′
m′(x2)〉(4)tt
=
1
8
(a1a2)
−2 δ(k +p)
∫
d3q Re
[
G+q(τ1, τ2)G
+
|k−q|
(τ1, τ2)
]
×
{
−2qiqj + δij
(
q2 − (q ·k)
2
k2
)
− k
ikj
k2
(
q2 +
(q ·k)2
k2
)
+ 2
q ·k
k2
(kiqj + q
ikj)
}
×
{
−2ql′qm′ + δl
′
m′
(
q2 − (q ·k)
2
k2
)
− k
l′km′
k2
(
q2 +
(q ·k)2
k2
)
+ 2
q ·k
k2
(kl
′
qm′ + q
l′km′)
}
.
(A16)
Especially when we contract the suffices (i, m′) and (j, l′), this correlation function is rewritten as
〈ppiξk(τ1)eij(k) ppiξp(τ2)eji(p)〉(4)
=
1
4
(a1a2)
−2 δ(k +p)
∫
d3q
(
q2 − (k ·q)
2
k2
)2
Re
[
G+q(τ1, τ2)G
+
|k−q|
(τ1, τ2)
]
. (A17)
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Appendix B: Loop integration
To integrate over the inner momentum, q, it is convenient to consider the functions, f(k, δ,H) and g(k, δ,H) which are
defined as
f(k, δ,H) ≡
∫
q∈[ki,H]
d3q
1
q3+δ
1
|k −q|3+δ (B1)
g(k, δ,H) ≡
∫
q∈[ki,H]
d3q
{
q2 − (k ·q)
2
k2
}2 1
q3+δ
1
|k −q|3+δ , (B2)
where δ is an arbitrary small constant. Here we assume that ki is much smaller than k, i.e., ki ≪ k. In fact, ki is defined by the
horizon scale on the initial time as ki ≡ Hi. Since we are interested only in the modes whose scales are much smaller than the
initial Hubble horizon scale, it is appropriate to assume ki ≪ k.
To make the integration simple, we approximate |k −q|−(3+δ) as
for q < k 1|k −q|3+δ ≃
1
k3+δ
{
1 + 3
k ·q
k2
+O
(
(q/k)2
)}
for k < q 1|k −q|3+δ ≃
1
q3+δ
{
1 + 3
k ·q
q2
+O
(
(k/q)2
)}
. (B3)
Then f(k, δ,H) is given by
f(k, δ,H) = 4pi
[
−1
δ
1
k3+δ
{(k − ki)−δ − k−δi } −
1
3 + 2δ
{H−3−δ − (k + ki)−3−2δ}
]
≃ 4pi
k3
[
k−2δ
{1
3
− 1
δ
(
1−
(ki
k
)−δ)}
− 1
3
( k
H
)3
H
−2δ
]
. (B4)
Similarly, g(k, δ,H) is given by
g(k, δ,H) =
32pi
15
[ 1
4− δ
1
k3+δ
{
(k − ki)4−δ − k4−δi
}
+
1
1− 2δ
{
H
1−2δ − (k + ki)1−2δ
}]
≃ 32pi
15
(
H
1−2δ − 3
4
k1−2δ
)
. (B5)
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